STAT 510 Homework 7 Solutions Spring 2020

1. The easiest way to complete parts (a) through (d) is to write a few lines of SAS code as on
slide 64 of slide set 8. For example,

proc glm;
class source percent;
model lconc = source percent source*percent /ssl ss2 ss3;
lsmeans source percent;

run;

Below you can see some other ways to do the computations.

<define functions needed for obtaining ANOVA table>
> ##projection matrix
> proj=function (X){X%*%MASS: : ginv (t (X) %*%X) %x%t (X) }

> ##com: give one complete row in ANOVA table

> com=function(y,A,B){

+  ss=t(y)%*%(proj(A)-proj(B))%*hy

df=floor(Matrix: :rankMatrix(A)-Matrix::rankMatrix(B))
ms=ss/df

f=ms/0.01351574

p=pf (f,df,17,lower.tail=FALSE)
return(round(c(ss,df,ms,f,p),4))

+ + + + + 4+

<data set>
> d = data.frame(pigs, lconc = log(pigs$conc), perc = factor(pigs$percent))

<generate model matrix>

> x1=matrix(rep(1l,nrow(d)))

> xa=model.matrix (~0+d$source)

> xb=model.matrix(~0+d$perc)

> xab=model .matrix(~0+d$perc:d$source)

(a) ANOVA Table with Type 1:

srcl=com(d$lconc,cbind(x1,xa),x1)
prcti=com(d$lconc,cbind(x1,xa,xb),cbind(x1,xa))
srcprctl=com(d$lconc,cbind(x1,xa,xb,xab),cbind(x1,xa,xb))
anoval=rbind(srcl,prctl,srcprctl,error,total)

rownames (anoval)=c("source|1","percent|1,source",
"sourceXpercent|1,source,percent","error","corrected total")
colnames(anoval)=c("Ss","df","MS","F","p-value")
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> anoval

SS df | MS F p-value
source|1 0.63010 | 2 | 0.31510 | 23.3113 | < 0.0001
percent|1,source 0.31740 | 3 | 0.10580 | 7.8269 | 0.0017
source X percent|1,source,percent | 0.07510 | 6 | 0.01250 | 0.9259 | 0.5011
error 0.22977 | 17 | 0.01352
corrected total 1.25237 | 28

<Another way>
> o=1m(lconc~source+perc+sourcexperc, data=d)
> anova(o)

Comment: The arguments A and B in function “com” are matrices such that C(B) C C(A) and calculate
the sum of squares with y'(Ps — Pg)y.

ANOVA Table with Type 2:

> src2=com(d$lconc,cbind(x1,xb,xa),cbind(x1,xb))

> prct2=com(d$lconc,cbind(x1,xa,xb),cbind(x1l,xa))

> srcprct2=com(d$lconc,cbind(x1,xa,xb,xab),cbind(x1,xa,xb))

> anova2=rbind(src2,prct2,srcprct2,error,total)

> rownames (anova2)=c("source|1,percent","percent|1,source",

> "sourceXpercent|1,source,percent","error","corrected total")

> colnames (anova2)=c("Ss","df","MsS","F","p-value")

> anova?2

SS df | MS F p-value

source|l,percent 0.76480 | 2 0.38240 | 28.2914 | < 0.0001
percent|1,source 0.31740 | 3 0.10580 | 7.8269 0.0017
source x percent|1,source,percent | 0.07510 | 6 | 0.01250 | 0.9259 | 0.5011
error 0.22977 | 17 | 0.01352
corrected total 1.38707 | 28

<Another way>
car::Anova(o, type="II")

You can use simple R code below that makes use of the joint_tests function in the emmeans package to
get the Type III sums of squares ANOVA table.

> d = data.frame(pigs, lconc = log(pigs$conc), perc = factor(pigs$percent))
> o = Im(lconc ~ source + perc + source:perc, data =d)

> joint_tests(emmeans(o, c("source", "perc")), test = "F")
model term dfl df2 F.ratio p.value
source 2 17 30.256 <.0001
perc 3 17 8.214 0.0013

source:perc 6 17 0.926 0.5011

Comments: ANOVA Table with Type 3 obtained by using the function “Anova” in car packages does
not match with the table defined in slide 60 of set 8. Thus, we can get the sums of squares, SS(source|l,
percent, source:percent) and SS(percent|l, source, source:percent), by applying the approach in the
slides 70~74 of set 8.

As following the notation defined in (d), we can remove the main effect of source from the cell-means
model. (see slide 72 of set 8)



B B _ poa = pll 4+ pl2 4+ pl3 + pld — p21 — p21 — p23
B = p2, = B3, =
taa = pl1l 4+ pl12 + pl13 + pld — p3l — p32 — p33

From the above, we can get the reduced matrix by removing two columns corresponding to po4 and pg4 in
cell-means model matrix and replacing the rows corresponding to po4 and uss with (1,1,1,1,-1,—1,-1,0,0,0)
and (1,1,1,1,0,0,0,—1,—1,—1), respectively. The function “src.red” below R code generates the re-
duced matrix of source.

Similarly, we can remove the main effect of percent.

a2 = pll — pl2 4+ p21 — p22 + p3l
fH1=p2=f3=[s < { p33 = pll — pl3 + p21 — p23 + p31
pag = pll — pld + p21 — p24 4 p3l

From the above, we can get the reduced matrix by removing three columns corresponding to 3o, 33
and ps34 in cell-means model matrix and replacing the rows corresponding to pse, pss and psg with
(1,-1,0,0,1,-1,0,0,1), (1,0,—1,0,1,0,—1,0,1) and (1,0,0,—1,1,0,0,—1,1), respectively. The func-
tion “prct.red” below generate the reduced matrix of percent.

<A Model Matrix for Model with 1, percent, source*percent>
> src.red=function(x,dat){
+ new.ab=x[,c(-8,-12)]

+ for(i in 1:nrow(x)){

+ if(dat[i,1]=="soy"&dat[i,2]=="18")

+ {new.ab[i,]=c(rep(1,4),rep(-1,3),rep(0,3))}relse
+ if(dat[i,1]=="skim"&dat[i,2]=="18")

+ {new.ab[i,]=c(rep(1,4),rep(0,3),rep(-1,3))}

+ X

+ return(new.ab)

+ 3

> xs.red=src.red(xab,d)
> anova(lm(d$lconc~0+xs.red) ,1m(d$lconc”~0+xab))
> src3=c(0.81788,2,0.81788/2,30.256,2.507e-06)

<A Model Matrix for Model with 1, source, source*percent>
> src3=c(0.81788,2,0.81788/2,30.256,2.507e-06)

> prct.red=function(x,dat){

+ new.ab=x[,c(-10,-11,-12)]

+ for(i in 1:nrow(x)){

+ if(dat[i,1]=="skim"&dat[i,2]=="12"){new.ab[i,]=c(1,-1,0,0,1,-1,0,0,1)}else
+ if(dat[i,1]=="skim"&dat[i,2]=="15"){new.abli,]=c(1,0,-1,0,1,0,-1,0,1)}else
+ if(dat[i,1]=="skim"&dat[i,2]=="18"){new.abl[i,]=c(1,0,0,-1,1,0,0,-1,1)%}

+ }

+ return(new.ab)

+ 3

> xp.red=prct.red(xab,d)
> anova(lm(d$lconc™0+xp.red) ,lm(d$lconc~0+xab))
> prct3=c(0.33304,3,0.33304/3,8.2137,0.001348)

ANOVA Table with Type 3:



SS df | MS F p-value
source|1,percent,sourcexpercent | 0.81788 | 2 | 0.4089400 | 30.2560 | < 0.0001
percent|1,source,sourcexpercent | 0.33304 | 3 | 0.1110133 | 8.2137 | 0.0013
sourcex percent|1,source,percent | 0.07510 | 6 | 0.01250 0.9259 | 0.5011
error 0.22977 | 17 | 0.01352
corrected total 1.45579 | 28

(d) Let p;; be a mean concentration of free plasma leucine for ¢ source of protein and j, where ¢ = 1 for fish

meal, i = 2 for soybean meal and i = 3 dried skim milk and j =1, . . . , 4 for 9%, 12%, 15% and 18%,
respectively. From the code below, each p;; can be estimated like in table.

G=1 (9%) | j=2 (12%) | j=3 (16%) | j=4 (18%)
1=1 (fish) 3.24526 3.43011 3.43461 3.47529
1=2 (soy) 3.53845 3.67962 3.66940 3.75887
1=3 (skim) 3.56054 3.76485 3.90463 4.09101

LSMeans for source

fish : fratfiotiis+iiig
: 4

__ 3.245264-3.43011+43.43461+3.47529 __
B v vy i, — 3.39632
P21tfioa+ oz +fioa

soy : _ 3.53845+43.67962+3.66940+3.75887 __ 3.66159

4 4
. fa1tisetfizztflza _ 3.5605443.76485+3.90463+4.09101 _
skim : 1 = I = 3.83026

LSMeans for percent

0% . Luitizitis) _ 3.2452643.5384543.56054 _ 3 448()8

3
3.43011+3.67962+43.76485 __ 3.62486

3
. faetfiootfize
12% : faztitz

3
15% . M13+M§3+M33 _ 3.43461+3.66940+3.90463 _ 3.66955

3
3.47520+3.75887+4.09101 _ 3 77506

. Paatfoatfiza
18% : Muatiizitin _ :

Since the model that percent is treated like a quantitative variable is the reduced model of the cell-means
model, we can conduct the lack of fit test of the reduced model compared to the cell-means model. From
the code below and error in ANOVA table,

P (SSEReduced — SSErun)/(df Reduced — df Fuir) _

SSEpuu/df run

Since the corresponding p-value is 0.8631, we can conclude that this model fit adequately relative to the
cell-means model at significant level «=0.05.

(0.26291 — 0.22977) /(23 — 17)

= 0.4087.
0.22977/17 04087

> o = 1lm(lconc source + perc + source:perc, data =d)

> o1=Im(lconc”source+percent+sourcex*percent,data=d)
> anova(ol,o0)

The reduced model in (e) can be represented as y;jx = p + o + Bi; + vi%ij + €5k
Based on this model, the estimated linear relationship for each source is following.

i. fish
(A4 61) + (B + A1) * 21, = 3.1164 4 0.0211zy;
ii. soy

(i + 2) + (B + A2) * w95 = (3.1164 + 0.2517) + (0.0211 + 0.0006)z5; = 3.3681 + 0.0217xy;



2.

(a)

iii. skim

(4 d3) + (B + As) * w3 = (3.1164 — 0.0672) + (0.0211 + 0.0369)5; = 3.0492 + 0.058z:3;

Describe the distribution of these differences.

Based on the model assumptions of e;; w N(0,02), for each subject j = 1,--- , 20,

dj = Y15 — Y2
:M1+Uj+€1j - (/’62+uj+€2j)
= (1 — p2) + e1j — ey;

E(d;) = w1 — p2, Var(d;) = Var(ey;) + Var(ey;) = 202. Because a linear combination
of independent normal distributions is still normal, we have d; ~ N(u; — pa, 202).

For any j # j' j C’ov(d ,djr) = Cov(ey; — egj,e1j7 — egjr) = 0, so all d;’s are independent.
Therefore d; N (1 — p2,20?), which is a constant mean model. We can write this as
a special case of a Gauss-Markov model as follows:

d = 1y — po) + €, where d = (dy, ..., dy) and € ~ N(0,20°1).

Provide a formula for a test statistic (as a function of dy, - -, dgg) to test Hy : g = pio.
Given the Gauss-Markov model above, we can find the formula for a test statistic by
considering either a t test or and F' test of Hy : C3 = 0. The general formulas for a
Gauss-Markov model can be simplified in this case because the “X” matrix is just 1,
the “B” vector is just the one-element vector with p; — s as the only element, and the

“C” matrix is just the 1 x 1 matrix with the element 1. Alternatively, can rewrite the

model for differences as dy, ..., dy i N(ug,03%), where pg = py — pa, 0% = 202. Now the

null hypothesis is equivalent to Hy : pip — pe = g = 0. We can now see this as a STAT
101 type of question that asks us to test whether the mean of a normal distribution is
zero based on an i.i.d. sample.

20
~ 0 . ~ 2
Let d. = 2]2;01] Then d. ~ N (,ud, g—g), and we can build up a t statistic to test
Hy = pg = 0 as follows:
d -0
t=
Var
- &d/z
- a
Vs 2 - )] /20
380 d.




(c) Fully state the exact distribution of the test statistic provided in part (b).

feot Hd 4y M1 — fh2
U\Va20) P\ /o210

5 . 2
F e P (M)

2
O¢

(d) Provide a formula for a 95% confidence interval for p; — po.
Given only the 40 scores of the subjects who received only drink one type, the model for
these scores is simplfied to be a Markov model as

Y = [Taxo ® 1o [Ml] +e
—————— L2

X
with y = [a1, -+ ,a20,b1, -+ ,by)" and € is a vector of random errors
/ iid 2 2 S L
€11, -, €120, €21, - -, E2,20) Where g5, ~ N (0,05 +07) fori=1,2;k=1,---,20.

So the BLUE for py — po is a. — b..

@(&. —b) =Var(a.)+ Var(b.)
1

=2 X 5 (02 + 02) MSE for the Markov model above
1 1 20 20 )
= 1—0 : m <Z((Zj — &.)2 + Z(b] - 5)2)
=1 j=1

Therefore the 95% confidence interval for py — g is

7j=1 7j=1

20 20
7 1 _ -
(a.—b.)+ 138,0.975 330 (Z(aj —a)+ Z(bj — b)Z)
with df =n — rank(X) = 38
(e) Provide formulas for unbiased estimators of 2 and o?

From part (b), we have ifl’:\&%z = = Ziozl(dj —d.)%
From part (d) we have 02 + 02 = ;5 (Z?il(aj —a.)*+ Z?il(bj — 5.)2>.
By solving the equations above, we can obtain

~2 Zjil(dj - J)2

’ 20 38 —\2 20 7\2 20 7\2
, (Sl —a)y + 30 b)) R (d; - d)
u 38 38

o




(f) Provide a simplified expression for the best linear unbiased estimator of py — po.

Both d. and (a. — b.) are independent unbiased estimators of yi1 — . Thus, the BLUE
of u1 — po is the weighted average of d. and (a. — b.) with weights proportional to the
inverse of the variances.

Var~(d.) - Var~Y(a. —b.) -

e Var-'(d) + Var-'(a.—b.) (@=5)

e = Var=1(d.) + Var—(a. —b.)
2

2 2
_ OutOe g %
2 2 2 2
o5+ 20 o; + 207

~(a.—b.)

3. Suppose the responses in problem 2 were sorted first by subject and then by drink, the response

vector ¥ = [Y11, Y21, -+ 5 Y1.20, Y2,20, Y1215 * * * 5 Y140, Y2415+ » Y2.60] -
In model y = X3 + Zu + e,

- = )

10
0 1 [ 1 i
10 1
0 1 40 rows 1
L 1
1
01| 1
R 3
X=|1 and Z = 1
1 1
) 20 rows
1 1
1 1
1
: 20
: rows _ 1 |
1

- = U

the Kronecker product notation for X and Z are

X _ |:]-20><1 &® IQ><2:|
802 I5yo ® 199y
Ioy00 @ 1951 O40><40}

ZSO><60 = |:
040><20 I40><40



4. (a)

1
EMSCL’U rt) — —E Squ r
(et dfxu(trt) ( & t))
1 t n
i E (mz Z(yz; - gi..)2>
n—t — £
i=1 j=1
1 t n
Tt E (m; ;([N + T+ ug + €] — [+ T+ + ei__])2>
m t n
- _ — \12
= D D B {(uy — w) + (G e}
i=1 j=1
t n
- mﬂi ; Z Z {E(ui; — u;.)* + E(ei;. — €:..)*} see the comment
i=1 j=1
t n n
m 35 -_— —
Tt Z [E {Z(Uz] — UZ)Q} +E {Z<eij' — ei")z}]
i=1 j=1 =1
m_\ 2 o iid 2 iid o2
2 o’
= t(n—1 tin —1)-%
tn—t{(n Jou +Hn )m}
= mai + af.
Comment:
E{(uij — @.) + (€;5. — éi..)}Q = Var ((u” —U;.) + (€. — éi_,)) since E(u;; — w;.) = E(&;j. —€..) =0
= Var(u;; — u,.) + Var(&;. — é;..) since by assumption in slide 2 of set 12

= E(us; — u..)* + E(6;5. — €:..)?

(b) We can show this in a general case for ¢,n,m first. From slide 6, the sum of squares can be written as
vy (Ps — Py)y, where

P2 = []-tnm><17 It><t & ]-nmxl] ([]—tnmxla It><t & 1nm><1}/[]—tnm><17 It><t ® 1nm><1]) [1tnm><1> It><t by 1nm><1]/

tnm  nml}
nmlyxy  nmlpy

0 01/5><1

1
Oix1 o Texe

= []-tnm><17 It><t & ]-nmxl] |: } [1tnm><17 It><t ® 1nm><1]/

— [ltnmxl, It><t ® 1nm><1] |: } []-tnmxh It><t ® 1'n,m><1]/

1
- 7It><t ® 11;1m><nm
nm

and



—1
P3 = [Itnxtn & ]-m><1] ([Itnxtn ® ]-m><1]/[Itn><tn by 1m><1]> [Itnxtn ® 1m><1]/

—1
= [Itnxtn & lmxl] (mItnth> [Itnxtn & lmxly
= %Itnxtn ® 11;n><m

Let
PP %Itnxtn @117, — %Itﬂf ® 11 nm

tn—1) tin—1)
Then, by linearity of trace,

1 / 1 /
tr(AX) = tr ([m fnxt = nm —EX¢ =

t(n — 1) } {UiItnxtn & ]-]-lm><m + Gﬁ-hnmxtnm})

1

= o Do tr ( {nIme @11, — Lot ® 11§mmm} {oiIme @117, + agfmmmmD

2 l 2 l
nmauImxm ® 11m><m + naeItnth (9 llme

t(n—l)nmtr{

- O-IQL(ItXt ® 11:Lm><nm)(Itn><tn ® llinxm) - JgItXt & 11/71m><nm:|

1
- t(n — 1)nm |:7’Lm0'i tr(Itnth ® 11{’7”(7”) + TLO'? tr(Itnth ® 11”771)(7”)
- mai tr(ItXt ® 11{nm><nm) - 0-(3 tr<It><t ® 11{nm><nm)}
- 2 2 2 2 since Itnxtn & 11;n><m and It><t X 11Inm><nm
~ t(n—1)nm (tnm) (nmau noe —moy Je) have 1’s on the diagonal
1
= (mai(nf 1) 4 o2(n — 1))
n—1
= mai + Ug
and
1 / 1 /
=1 ®11 — I ®11
E(y)’AE(y) _ E(y)’ (m tnXtn mx;r(nn _nirs txt nm><nm> E(y)
1
=——— (nEW) Linxim @11/ —EW)'I 11/ E
tnm(n — 1) (’ﬂ (y) tnxtn & mxm (y) txt @ nmxnm) (y)
1
= — E(y)) — E(y))E
fm(n 1) (n(mE(y)") —nmE(y)’) E(y)
1
=——0F
tnm(n — 1) (v)
=0.
Now,

P; — P
EMSou(mu,trt) =E <y/ (u) y)

t(n—1)
=E(y'Ay)
=1tr(AX) + E(y) AE(y) by slide 19 of set 12

= (moi—kag) +0

— 2 2
= mo,, + o,

The result also holds for the special case of t = 2,n = 2, m = 2, which is the same result as in part (a).



